The topographic wave equation is solved in a domain consisting of a channel with a terminating bay zone. For exponential depth profiles the problem reduces to an algebraic eigenvalue problem. In a flat channel adjacent to a shelf-like bay zone the solutions form a countably infinite set of orthogonal bay modes: the spectrum of eigenfrequencies is purely discrete. A channel with transverse topography allows wave propagation towards and away from the bay: the spectrum has a continuous part below the cutoff frequency of free channel waves. Above this cutoff frequency a finite number (possibly zero) of bay-trapped solutions occur. Bounds for this number are given. At particular frequencies below the cutoff the system is in resonance with the incident wave. These resonances are shown to be associated with bay modes.
Introduction
Topographically trapped waves have been extensively studied in both open and closed domains. I n open geometries they occur as shelf waves propagating along continental boundaries, accounting for a large portion of the kinetic energy of the coastal flow field. Observations have been well interpreted by analytical and numerical models. Topographic waves have also been identified and modelled in closed domains. Although this was successful for lakes with a circular shape, interpretation of long-periodic signals in an elongated lake demonstrated the limitation of the existing analytical models Johnson 1987a) . Stocker & Hutter (1986 , 1987a , b) present extensive results from numerical integrations of a low-order spectral model for a rectangular lake with idealized topography. For their chosen depth profiles normal modes can be divided into two types : basin-wide modes for which the motion is spread throughout the lake and bay modes for which the motion is highly localized. The bay modes correspond to the high-frequency modes found in the finite-element model of the Swiss Lake of Lugano by Trosch (1984) and come closest to the observed frequencies.
Analytical models .by Lamb (1932), Ball (1965) , Mysak (1985) and Johnson ( 1 9 8 7~) have concentrated on basin-wide modes. In fact, the conformal mapping results of Johnson (1987 b) show that, with the exception of the Ball bathymetry, the topography in each model can be mapped to an along-shore invariant topography in a straight channel and hence cannot support localized modes. Rasin-wide modes correspond to propagating shelf wave modes.
It is the purpose of the present paper to give a simple model that displays the bay modes and resonances found in the numerical results. Section 2 introduces the 7' . F . Stocker and 8. R. Johnson geometry of a straight, semi-infinite channel with a shelf terminating in a bay zone formed by an oblique shelf. The problem of finding eigenfrequencies and eigenmodes is reduced to an algebraic eigenvalue problem. Upper and lower bounds and estimates of the eigenvalues are obtained by restricting consideration to the bay zone and applying suitable open boundary conditions. In 93 the special case of a bay zone adjacent to a flat channel is investigated. The spectrum of eigenfrequencies is countably infinite. The results are extended in $4 to channels with shelves allowing energy to leak from the bay. Here, the spectrum consists of a finite discrete part and a continuous part. An estimate of the size of the discrete spectrum is given. Results are summarized in $ 5 .
Statement of the problem
linearized equation for the conservation of potential vorticity (Rhines 1969 a, b ) , Non-divergent, barotropic topographic waves on an f-plane are governed by the
2)
at where ! P is the mass transport stream function, H is the local fluid depth, 2 is the vertical unit vector and V is the horizontal gradient operator. Time in (2.1) has been scaled onf-l. The situations where (2.1) is a good model of geophysical motion are discussed briefly in Part 1 (Johnson 1989) . Condition (2.2) expresses vanishing mass transport through the boundary i 3 9 of the domain.
Take Cartesian coordinates and consider the semi-infinite channel 2 3 0,O < y < (4 FIGURE 1. A semi-infinite channel in x 2 0 , O < y < 1 with a bay zone for 0 < x < 1 and an adjacent channel for x > E. Isobaths are given for three cases of b and c. In the bay they have slope -bl/c: ( a ) b > 0, e = 0 ; (b) 
Solutions of (2.1) in the semi-infinite channel can be obtained by solving (2.6) in
The boundary conditions on $ are the two regions and matching the transport and velocity field across x = 1. and the far-field condition that the kinetic energy remains bounded a t infinity, i.e.
when an asterisk denotes the complex conjugate. The fundamental solutions in the bay can be written $: = sinha,xsinnny, n = 1,2, .. . , At frequencies (7 > ( 7 , the modes decay exponentially.
It is shown in Part 1 that bounds on the eigenfrequencies can be obtained by considering reduced domains with suitable boundary conditions. In the present geometry it is convenient to take the reduced region to be the bay zone. As the channel alone cannot support trapped modes the eigenfrequencies of the reduced bay are in a one-to-one correspondence with those of the full problem. The boundary conditions at the bay edge associated with the upper, aEm, and lower, dnm, bounds for the eigenfrcquency of the (n,m)-mode are given by For usc in $ 4 note that an explicit upper bound for a",, is given by
The cigenfrequencies of the full and two reduced problems are thus countably infinite. Thc spectra are discrete with an accumulation point a t a = 0. The quality of the estimate (2.17) is shown below.
The flat channel
Considsr a semi-infinite domain with a flat channel section, i.e. c = 0 in (2.3), see figure 1. There are no propagating waves in the channel: @ decays exponentially thcre, with (2.14) giving k = inn. I n the bay the depth profile in x allows shelf waves to propagate in the y-direction and bc reflected from the channel walls y = 0 , l . The solution in this case can be written Operating with on both sides of (3.2) and using the orthogonality of sinnny gives
where the sum over n is understood and the matrix elements J,, are defined as
where 7 = b / n a . Combining (3.3a) and (3.3b) leads to with
Om, e-nnldn = 0
5)
This has a non-trivial solution provided det D = 0.
(3.6)
I n order to obtain numerical solutions the infinite system (3.5) must be truncated. If the summation is restricted to n = 1 , . . . , N , (3.1) is merely an approximation to the true solution in that all transverse modes with mode numbers larger than N are discarded. The error is then orthogonal to all modes n < N , and completeness of the sin nny implies convergence for increasing truncation order. The problem therefore reduces to solving the algebraic eigenvalue problem (3.5) of order N . Numerical calculations have revealed that (3 5 ) represents a fairly stiff system of equations. Equation (3.6) selects distinct eigenfrequencies for which there is wave motion in the bay region which exponentially decays outside. It has been demonstrated in Part 1 that the eigenvalues of the exact problem (2.1) are real. Generally, d e t D takes complex values and one might wonder whether the truncated problems (3.6) also yield real eigenfrequencies g. Indeed, i t can easily be shown that the problem of lowest order (N = 1) requires real eigenfrequencies in order to satisfy (3.6). A similar result for N > 1 is not immediate, although computations suggest this is the case. Table 1 lists the first four eigenfrequencies of a flat, semi-infinite channel with a shelf bay zone. The convergence of these values with increasing N is rapid; an accurate approximation is obtained with N as small as three. The coefficients show similar rapid convergence with increasing N . Table 2 shows that the approximations t o a particular coefficient a, in the expansion of the ( 1 , 2 ) mode are well determined by N == 7 for i d 4 . Changing the topography parameter does not alter the ordering of the eigenfrequencies.
In figure 4 the eigenfrequencies are plotted as functions of I, the length of the bay.
For large 1 they approach their corresponding cutoff and the frequencies of modes with different along-axis wavenumbers merge. For small I different transverse mode numbers are less important. Hence, the relative ordering of the modes changes with 1. Large 1 will gather modes with identical transverse mode numbers whereas eigenfrequencies of modes with identical along-channel mode numbers merge for small 1. This is in contrast to the behaviour shown in figure 3.
Channel with topography
Consider now (2.3) with c =+ 0. The cutoff frequencies u, given by (2.15) are nonzero and so for u < r1 topographic waves carry energy both towards and away from the bay : only for u > u1 are bay modes possible. The spectrum is discrete (or empty)
above ul and continuous below it.
It follows from (2.14) and (2.15) that for u < cNR, for any integer NR, there are UV, propagating modes in the channel. h& modes have positive group velocity and carry energy away from the bay. The remaining modes carry energy towards the bay and any one of these can be selected as the incident wave y9i. (/3sinha,l+a,cosha,1) = ikieik~zJml+J,,ik,eiknzd,, (4.4) where the sum over n is understood and J,, is given in (3.5). Eliminating a, from (4.4) yields the inhomogeneous algebraic system (eik~z(~+a,cotha,l-ik,) J,,)d, = (iki-~-a,cotha,l)eik~zJ,l, (4.5) which is truncated to order N when a numerical solution is sought.
Bay modes
When u > u1 all modes are evanescent in the channel and trapped in the bay. The number of bay modes for a given geometry can be obtained using the frequency 
4.2.
ReJlections I n this section the properties of the semi-infinite channel under incident wave energy are studied. This implies restriction of the frequency domain for which topographic wave propagation in the channel region is possible to the interval 0 < u < gl. This is the continuous part of the spectrum. The solution to this problem is given by the inhomogeneous algebraic system (4.5). 
The wavenumbers for the propagating modes (n = i, 1, . . . ,&) and the evanescent modes (n > N,) are given in (4.2) and hence
The energy contained in the evanescent modes is locally conserved. Expression For (T, < u < (T, all reflected energy is contained in R, with R, = 1. Decreasing (T below each successive cutoff frequency adds further reflected modes. Note that R, and R, contain alternately the major part of the reflected energy. Changes from one behaviour to the other are very sharp. Figure 6 is qualitatively similar to the corresponding figure in Stocker (1988) showing that the simple geometry of the present model captures the main features involved with the reflection of topographic waves. transverse order. Note that for frequencies close to the cutoff IT^ no wave energy can be fed into the bay zone. As the wavelength of the incident wave becomes shorter (for IT decreasing) wave activity in the bay is enhanced. For IT < u2 wave motion in the channel consists of several transverse modes. The reflection behaviour of the semiinfinite channel strongly depends on the frequency of the incident wave. This mode has the characteristic lengthscale 27r/ki which interacts with the 'resonator ' (the bay) of lengthscale bllc.
4.3.
Bay modes and resonances Resonances in the continuous spectrum were reported by Stocker (1988) and associated with leaky bay modes. These are revealed in the present study by considering the energy content of the bay zone. The depth-integrated energy density per unit mass in terms of the complex stream-function amplitude over one period is (4.11) Integrating (4.11) over the bay zone to obtain the total energy shows that the modes couple in the bay zone, in contrast to the modes in the channel, for which there is no interaction. The result, scaled on the incident flux, is sinh a, I(b2 Figure 8 displays the total amount of energy as a function of the incident frequency. Whereas the reflection coefficient revealed no structure in u2 < u < c,, the bay energy exhibits a conspicuous resonance a t u = 0.203. At LT = 0.222 a further weak resonance is visible. This indicates that each resonance can be associated with a pair of mode numbers according to the structure of the wave motion in the bay zone. From figure 9 it is evident that the bays sustain patterns very much like those shown in figure 5 which were true bay modes. It has been demonstrated above that the spectrum of the topographic wave equation in the semi-infinite channel can consist of a discrete and a continuous spectrum. Solutions associated with the discrete spectrum are trapped in the bay zone -they are true bay modes whereas solutions of the continuous part are free states: incoming wave energy is reflected. Increasing the cutoff frequency of the channel region, i.e. increasing c, causes a decrease in the number of true bay modes. may become weak, because the mode with the same transverse mode number n is now propagating in the channel. This is indicated by dashed lines in the figure. Therefore, each resonance in the continuous spectrum can be associated to a true bay mode, i.e. a solution of the discrete spectrum of the simple bay model with c = 0. Hence, with increasing c (or decreasing bl) true bay modes do not vanish but rather emerge as resonant states in the continuous spectrum. Figure 11 displays more quantitatively the development of the resonances when the leakage of the adjacent channel is increased. The domain 0.6 < c < 2 and 0.1 < v < v1 of figure 10 is mapped onto a square and lines of constant bay energy are plotted. Resonances appear as shaded ridges; they are labelled according t o their flat-channel limit. Once the resonance vnm falls below the cutoff vn the energy in the bay decreases and the resonance becomes weak. In $2 lower and upper bounds of the eigenfrequency vnm were calculated. Figure  12 displays these bounds for the two (1,2) and ( 2 , l ) modes as a function of the channel topography. The exact value lies close to the average of the bounds, being graphically indistinguishable for the ( 2 , l ) mode and differing by less than 1 % for the (1,2) mode. The accuracy of the estimates relies on the assumption that the majority of the disturbance is confined to the bay zone. Thus the estimate remains good for the (2, I) mode below the frequency u1 at which propagating modes occur in T. F . Stocker and E . R . Johnson the channel and the mode becomes a strong resonance. The estimate is poorer for the mode (1,Z) below the frequency vl as the resonance is only weak and so the disturbance in the channel is relatively strong.
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Conclusions
Topographic waves in a semi-infinite channel with a terminating bay zone are considered. Solutions are given in both the bay and channel regions by a linear superposition of modes of increasing transverse order. The coefficients involved are calculated by solving a homogeneous system of linear algebraic equations that emerge from stating continuity of the physically relevant fields across the bay edge. In order to obtain numerical solutions, the infinite dimensional system is truncated ; convergence of both eigenvalues and eigensolutions is demonstrated. Truncation orders as small as three provide satisfactory results for the lowest modes.
A first simple configuration consists of a shelf bay zone adjacent to a flat channel.
This prevents wave energy from radiating away from the bay: waves are trapped. It is shown that this geometry sustains a countably infinite set of bay modes -solutions which are exponentially evanescent away from the bay. The spectrum of eigenfrequencies is discrete. These solutions are in qualitative agreement with the bay modes of Stocker & Hutter (1987a, b) .
To more closely model their results the topography was generalized to consider a channel with a shelf and a bay with oblique bottom contours. The number of bay modes was shown to be of the order bllc, thus reflecting the interplay of the topography ( b , c ) and geometry (I) of the domain. Whereas the spectrum of the flat channel is purely discrete, channels with transverse topography exhibit compound spectra consisting of a continuous and a possibly empty, discrete part. The former contains an infinite set of resonances each of which can be attributed to a point in the discrete spectrum of the flat channel. Resonances can thus be considered as leaky bay modes. Table 3 summarizes these findings. It is apparent that solutions that belong to the discrete part of the spectrum represent an important and characteristic feature of topographically trapped waves. This study therefore strongly suggests that one should be aware of localized wave motion in domains with variable cutoff frequencies of topographic Rossby waves, such as gulfs and estuaries connected to continental shelves or bays in lakes.
Generally, in a lake or ocean basin each bay or localized topographic irregularity may sustain its own trapped modes or can be brought into resonance by an external
